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Unfortunately Theorems 1 and 3 of our recent paper “Character sums and nonlinear recurrence sequences” [1] of
this journal do not hold in full generality (though the results do hold over a ﬁnite ﬁeld, which is the main case of
interest). This brief note states corrected versions of these theorems.
We ﬁrst remind the reader of the notation used in [1]. Let R be a ﬁnite ring of m elements. Let a0, a1, . . . be a
sequence over R that satisﬁes a nonlinear recurrence of order d, so there is a function F : Rd → R with the property
that an+d = F(ad+n−1, . . . , an) for n = 0, 1, . . . . There exist nonnegative integers r and t, which we take as small as
possible, such that an+t = an for all nr . We set T = t + r . Let  : R → C be a nontrivial additive character of R.
For a vector u = (u0, u1, . . . , uh) ∈ Rh+1 and a positive integer N, we deﬁne
S(u;N) =
N−1∑
n=0
(u0an + u1an+1 + · · · + uhan+h).
A correct version of Theorem 1 may be stated as follows.
Theorem A. Let d, T, u = (u0, u1, . . . , uh),  and S(u;N) be deﬁned as above. Suppose that there exists i ∈
{0, 1, . . . , h} such that uiR ker . Then for any integer 1, whenever h<d and NT , we have that
|S(u;N)|< 1+1/2N1−1/2md/2(d − h)−1/2 + d − h.
Ifwe compareTheorem1of our paper [1] toTheoremAabove,we see that the condition that (u0, u1, . . . , uh) ∈ Rh+1
is a nonzero vector has been replaced by the condition that there exists i ∈ {0, 1, . . . , h} such that uiR ker . Note
that whenR is a ﬁnite ﬁeld, this new condition is equivalent to the condition that the vector is nonzero. The conditions
are also equivalent when  has a trivial kernel. However, for a general ﬁnite ringR the new condition is strictly stronger.
The proof of Theorem A is the same as that of Theorem 1 in [1], except the line below Eq. (5) should refer to 
being nontrivial and the paragraph which follows should be replaced by the paragraph below.
Deﬁne the (additive) group G by G =R/ ker . We write X or x, respectively, for the image of a set X ⊆ R or
x ∈ R in G, under the natural homomorphism. By our condition on u, at least one of the sets ujR is nontrivial,
and so we may choose a prime  that divides the order of some element in
⋃
j∈{0,1,...,h}ujR. Let e be the largest
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power of  that divides an element in
⋃
j∈{0,1,...,h}ujR, and deﬁne j0 to be the minimum integer j such that ujR
contains an element of order divisible by e. (Thus in particular, uj0 has order divisible by e.) Deﬁne P to be
the subgroup of G generated by all elements of G whose order is not divisible by e. For i ∈ {0, 1, . . . , f − 1},
deﬁne ‘multiplicities’ i and i by
i = #{j ∈ {1, . . . , } : kj = i}
and
i = #{j ∈ {1, . . . , } : j = i}.
We claim that if there exists i ∈ {0, 1, . . . , f − 1} with i − i /≡ 0mod  then  is nontrivial. To see this, let
i0 be the minimum integer i ∈ {0, 1, . . . , f − 1} with this property. Then
(c0, c1, . . . , cd−1) =
f∑
i=0
(i − i )u · ci
=
f∑
i=0
(i − i )
h∑
j=0
uj ci+j ∈ (i0 − i0)uj0ci0+j0 + X + P ,
where X is an expression that does not involve ci0+j0 . When ci0+j0 = 1, we see that uj0ci0+j0 does not lie in P
and therefore (c0, c1, . . . , cd−1) does not always lie in ker . Thus  is nontrivial, as required.
Our paper [1] gives two applications of Theorem 1. The ﬁrst application (Corollary 2) to autocorrelation properties
needs no change as the vector u=(−1, 0, 0, . . . , 1) satisﬁes the new condition we stated above. However, the statement
of Theorem 3, the application to window distributions, requires some modiﬁcations. We state a correct version of the
theorem by deﬁning the notion of a principled ring as follows. We say that an additive character  of a ringR is (right)
unprincipled if Rc ⊆ ker  for some nonzero element c ∈ R, otherwise we say that  is principled. We say that the
ring R is principled if it has a principled character. Recall from [1] the deﬁnition of R(e0, e1, . . . , eh−1;N) to be the
number of integers n ∈ {0, 1, . . . , N − 1} for which (an, an+1, . . . , an+h−1) = (e0, e1, . . . , eh−1).
Theorem B. LetR be a principled ring. Let d, T, h and R(e0, . . . , eh−1;N) be deﬁned as above. Then whenever h<d
and NT , we have that
|R(e0, . . . , eh−1;N) − N
mh
|< 1+1/2N1−1/2md/2(d − h)−1/2 + d − h.
So the statement of Theorem B is exactly the same as that of Theorem 3 of [1], except that we have added the
restriction that the ﬁnite ring R is principled. This restriction is needed because in the proof of Theorem 3 we need to
choose a character  of R such that
1
#R
∑
u∈R
(uc) =
{
1 if c = 0,
0 otherwise
and only principled characters have this property.
Note that ﬁnite ﬁelds Fq are principled (as any nontrivial additive character is principled), as are residue rings
Z/mZ (as any character with trivial kernel is principled). Many other ﬁnite rings, such as the ring of m × m ma-
trices over a ﬁnite ﬁeld, are principled. To see that not all ﬁnite rings are principled, consider the quotient ring
R = Fq [x1, x2]/(x21 , x1x2, x22 ). A character  of R has a kernel K of index at most p, and so K contains a nonzero
element c ∈ 〈x1, x2〉. But thenRc = 〈c〉 ⊆ K , and so all characters  are unprincipled. An interesting open problem is
to characterise those ﬁnite rings that are principled.
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